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saK firayS natluS iregeN malsI satisrevinU igolonkeT nad sniaS satlukaF  mi
.uaiR  
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.5   ubI  kubI nad cS.M ,aduM atinelsuY .rD  ijugneP ukales cS.M ,inayruS amrI
gnay   halet .ini rihka sagut nasilunep malad naras  nad nakitirk nakirebmem  
.6  cS.M ,heloS dammahoM kapaB   gnay rihka sagut gnibmibmeP ukales  halet
gnibmib irebmem ,utnabmem kaynab  ,isavitom ,naras ,nahara irebmem ,na
ini rihka sagut nasilunep malad aynumli atres nagnukud . 
.7   kiabret gnay aut gnaro idajnem halet ini amales gnay kamaM nad kapaB
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 atres alages nakirebmem  uka kapaB nad kamaM apnaT .atnim uka gnay ayn
b nikgnum naka kadit anajras raleg naktapadnem asi .  gnay umkana nakfaaM
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.iS.S ,itrailuY akirfayS nad ajnairaH  
.01   irebmem halet gnay igolonkeT nad sniaS satlukaF akitametaM nesod aumeS
s isavitom ,nakusam .aynumli atre  
.11   nupuam gnusgnal araces kiab utnabmem kaynab halet gnay kahip aumeS
 silunep tapad kadit gnay ini rihka sagut naiaseleynep malad gnusgnal kadit
.utasrep utas naktubes  
  lama idajnem silunep adapek nakireb akerem halet gnay nakiabek agomeS
kiabek A .TWS hallA irad lapmites gnay nasalab tapadnem nad na ami .ni  
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I BAB  
NAULUHADNEP  
 
1.1  gnakaleB rataL  
kub abokraN  takaraysam igab gnisa gnay utauses igal na  .aisenodnI  abokraN
akitokran irad natakgnis halada , l fitida nahab nad akiportokisp  abokraN .aynnia
 uata taz halada ek nakkusamid akij gnay tabo   aisunam hubut malad  uata
id  naklubminem naka surenem suret araces ismusnok  nad nagnutnagretek  kefe
 )sisodrevo( nahibelreb araces ismusnokid akij naitamek nakbabeynem naka  
( .)5102 ,hisgninirS  
 nakrasadreB  nakropalid NNB atad  nuhat adap abokran naanuggnep awhab
 ,8102 nuhat adaP .7102 nuhat nagned nakgnidnabid %1,2 takgninem 8102
 .awsisaham uata rajalep arap ,adum isareneg halada abokran anuggnep satiroyam
halada abokran anuggnep satiroyam gnay 7102 nuhat nagned adebreb  ini laH  
 .ajrekep nagnalak  isneleverp akgna tatacnem NNB 7102 nuhat adap uti aratnemeS
77,1 rasebes abokran naanughalaynep  %  arates uata   nagned  11.673.3  gnaro 5  adap
01 aisu gnatner -  95  .nuhat  naanuggnep anerak takgninem abokran naanughalayneP
nu tenretni igolonket t nad abokran paleg nagnagadrep ku   ialin kasnart  nupuam is
nay sinej takgninem aguj nakgnagadrepid g  ( otnaitsiR  ,
moc.sapmok.lanoisan//:sptth .)  
 hatniremeP  kutnu ayapu iagabreb nakukalem halet  nad ignarugnem
rep satnarebmem atres abokran naanughalaynep hagecnem  abokran paleg narade
a tubesret ayapU .habmatreb suret kadit aynhalmuj ayapus  nakukalem nial aratn
nad nahuluynep   adapek abokran naanughalaynep ayahab naka isasilaisos
halokes ek aguj nad takaraysam -  agabmel kutnebmem aguj hatniremeP .halokes
 netapubak/atok nad isnivorp paites id nakiridid hadus gnay abokran itna susuhk
d )PNNB( isnivorP lanoisaN akitokraN nadaB utiay  lanoisaN akitokraN nadaB na
id ada gnay )KNNB( netapubaK/atoK  ( aisenodnI  ,itratuS
di.og.nbkkb.www//:sptth .)  
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 hatniremep ini taas adaP  aguj  kutnu margorp nakaraggneleynem halet
 nad isatilibaher margorp utiay abokran iakamep halmuj nahabmatrep hagecnem
renep  .abokran anughalaynep igab namukuh napa  utaus utiay isatilibaher margorP
ay natabognep sesorp udnacep nakhilumem kutnu naujutreb gn   irad
 .alakaides itrepes lamron satifitkareb ilabmek tapad raga abokran nagnutnagretek  
kutneB  ep helo nakparetid gnay namukuh  abokran anughalaynep igab hatnirem
apureb utiay  arajnep namukuh ,adned namukuh   napareneP .itam namukuh nad
mem kutnu naujutreb namukuh p igab arej kefe taub  nad abokran iakame  gnay
 abokran iakamem muleb t raga nakparahid   aynabocnem kutnu kiratret kadi
adnaM( ,iras  .kkd  )8102  
p aparebeB naitilene   utiay ini nasahabmep nagned tiakret ( irasadnaM , kkd . 
lanruj malad )8102   ludujreb gnay  “  margorP huragneP akitameteM ledoM
R  nad isatilibahe N iakameP halmuJ padahreT namukuH napareneP abokra ”  .
naitileneP  id   sata awhab naklupmiynem   nakparetid gnay namukuh raseb nikames
 licek nikames aynkilabeS .tikides nikames abokran iakamep halmuj akam
 iakamem naka gnay gnaro kaynab nikames akam nakparetid gnay namukuh
 .abokran K naidume  ( aziluY , kkd . “ ludujreb gnay lanruj )4102 M  akitametaM ledo
isatilibaheR margorP nagned abokraN iakameP halmuJ ” naklupmiynem   awhab
akparetid nagned n satilibaher margorp ayn ignarugnem tapad i  lmuj  anuggnep ha
abokran .  
ayntujnaleS , ( hisgninirS , )5102  lanruj malad  “ ludujreb gnay  huragneP
 itaM namukuH aisenodnI id abokraN anuggneP halmuJ akimaniD padahreT  ”
naklupmiynem   adapek itam namukuh naparenep naksagenem hibel nagned awhab
 asamid abokran anughalaynep halmuj ignarugnem kefereb naka abokran radegnep
.gnatad naka gnay  sahabmem gnay sinejes lanruJ  kefe  ruj halada namukuh  lan
( imaJ , kkd .  ludujreb gnay )3102  nahabmatreP nahagecneP akitametaM ledoM“
”adneD napareneP nagned kokoreP halmuJ  .  sata id naitilenep adaP  helorepid
 adapek nakirebid gnay adned satifitkefe takgnit rasebrepmem nagned awhab
 kokorep aratna katnok aynlisahreb gnaulep aynidajret licekrepmem tapad kokorep
 gnaro nagned .kokorep idajnem laisnetop gnay  
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ayntujnaleS , ruj  utiay akubret isalupop gnatnet sahabmem gnay lan
( irasamtaF , kkd .  )7102  SDIA/VIH tikayneP narabeyneP akitametaM ledoM“
akubreT isalupoP adaP ipareT nagned ”  sata id naitilenep adaP .  helorepid  awhab
b helo ihuragnepid tagnas SDIA/VIH tikaynep narabeynep ujal  iparet ujal aynrase
 tafisreb gnay isalupop nad VIH iskevniret gnay udividni helo amiretid gnay
gnisam isalupop halmuj padahret huragnepreb aguj akubret -  .isalupoppus gnisam  
nakrasadreB  lanruj  ( irasadnaM , kkd .  aynada gnatnet iuhatekid muleb )8102
 huragnep isargim  nahadniprep lahadaP . kududnep   ek utas tapmet irad )isargim(
 ulrep uti anerak helO .abokran narabeynep ihuragnepmem tagnas aguj nial tapmet
 naparenep nad isatilibaher margorp huragnep anamiagab sisilana nakukalid
kran iakamep halmuj padahret namukuh  .akubret gnay isalupop kutnu abo  kutnU
uti  kutnu kiratret silunep   itilenem “  margorP huragneP akitameteM ledoM
 abokraN iakameP halmuJ padahreT namukuH napareneP nad isatilibaheR
akubreT isalupoP adaP .”  
  
2.1  halasaM nasumuR  
id gnakaleb ratal nakrasadreB   ,sata  id naka gnay halasam nasumur akam
:halada ini naitilenep malad sahab  
.1   kutneb anamiagaB am ledom  nad isatilibaher margorp huragnep akitamet
abokran iakamep halmuj padahret namukuh naparenep   isalupop adap
? akubret  
.2  it anamiagaB it nalibatsek nad muirbiliuke kit muirbiliuke kit   irad  ledom
am  padahret namukuh naparenep nad isatilibaher margorp huragnep akitamet
abokran iakamep halmuj  ? akubret isalupop adap  
.3  B kiremun isalumis anamiaga  am ledom  margorp huragnep akitamet
almuj padahret namukuh naparenep nad isatilibaher abokran iakamep h   adap
? akubret isalupop  
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3.1  halasaM nasataB  
 ini naitilenep malad nakitahrep id ulrep gnay halasam nasatab nupadA
:tukireb iagabes halada  
.1   sesorp idajret ini naitilenep malad aynitra gnay akubret tafisreb isalupoP
.isargim  
.2  aisU   gnutihret  isalupop atoggna 01 ≥  .nuhat  
.3   gnay isalupoP  hayaliw saul nakitahrepmem kadit hayaliw utas malad adareb
.nimalek sinej nad  
 
4.1  naitileneP naujuT  
id halasam nasumur nakrasadreB   halada ini naitilenep irad naujut ,sata
:kutnu  
.1   kutneb helorepmeM am ledom  nad isatilibaher margorp huragnep akitamet
abokran iakamep halmuj padahret namukuh naparenep   isalupop adap
.akubret  
.2  muirbiliuke kitit nalibatesek nad muirbiliuke kitit helorepmeM   irad  ledom
am ret namukuh naparenep nad isatilibaher margorp huragnep akitamet  padah
abokran iakamep halmuj  .akubret isalupop adap  
.3   kiremun isalumis helorepmeM am ledom  margorp huragnep akitamet
abokran iakamep halmuj padahret namukuh naparenep nad isatilibaher   adap
.akubret isalupop  
 
5.1  naitileneP taafnaM  
 naitilenep irad taafnam nupadA :halada ini  
.1   silutid gnay ledom nakgnabmegneM ( ,irasadnaM  )8102 .kkd   nagned
habmanem k .akubret tafisreb isalupop awhab ismusa na  
.2  hameM muirbiliuke kitit irad nalibatesek ima  am ledom  huragnep akitamet
 halmuj padahret namukuh naparenep nad isatilibaher margorp  iakamep
abokran  .akubret isalupop adap  
.3  naitilenep kutnu isamrofni nad isnerefer nahab iagabeS -  naitilenep
.amas gnay gnadib id ayntujnales  
I-5 
 
6.1  nasiluneP akitametsiS  
:utiay bab aparebeb irad iridret ini naitilenep adap nasilunep akitametsiS  
BAB  I   nauluhadneP  
 nasatab ,halasam nasumur ,gnakaleb ratal nakisireb ini baB
afnam ,naitilenep naujut ,halasam a  akitametsis nad naitilenep t
.nasilunep  
BAB  II  iroeT nasadnaL  
em ini baB n  itrepes ,nakanugid gnay iroet nasadnal gnatnet naksalej
masrep metsis  ,laisnerefid naa muirbiliuke kitit  nad   sisilana
muirbiliuke kitit nalibatsek  ledom nad  itametam huragnep ak  
isatilibaher margorp   halmuj padahret namukuh naparenep nad
abokran iakamep . 
BAB  III  edoteM  naitilenep  
hakgnal nakisireb ini baB -  hakgnal  kutnu anugreb gnay nasilunep
nakiaseleynem  am ledom  isatilibaher margorp huragnep akitamet
abokran iakamep halmuj padahret namukuh naparenep nad   adap
 .akubret isalupop  
VI BAB   nad lisaH nasahabmeP  
 huragnep akitametam ledom nasalejnep gnatnet nakisireb ini baB
p nad isatilibaher margorp  halmuj padahret namukuh naparene
et isalupop adap abokran iakamep  kitit helorepmem nad akubr
muirbiliuke  aktapadnem atres tubesret ledom adap  asilana n
muirbiliuke kitit nalibatsek .ayn  
V BAB  putuneP  
d nalupmisek gnatnet nakisireb ini baB .nasahabmep aumes ira  
II BAB  
IROET NASADNAL  
 
1.2  laisnerefiD naamasreP metsiS  
laisnerefid naamasreP  laisnerefid naamasrep halada asaib   aynah gnay
 utas iaynupmem  lebairav  .sabeb   nakgnadeS laisnerefid naamasreP   utiay laisrap
 laisnerefid naamasrep  gnay  utas irad hibel iaynupmem lebairav  sabeb  .
B sabeb lebairav halmuj nakrasadre ayn  p  aud idajnem igabret laisnerefid naamasre
.laisrap laisnerefid naamasrep nad asaib laisnerefid namasrep utiay  P  naamasre
:tukireb iagabes kutneb malad nakataynid tapad n edro reinil laisnerefid  
 
𝑎𝑛(𝑥)
𝑑𝑛𝑦
𝑥𝑑 𝑛
� 𝑎𝑛−1(𝑥)
𝑑𝑛−1𝑦
𝑥𝑑 𝑛−1
� ⋯ � 𝑎1(𝑥)
𝑦𝑑
𝑥𝑑
� 𝑎0(𝑥)𝑦 � 𝑔�𝑥�       )1.2(  
rep halada reinilnon laisnerefid naamasrep nakgnadeS  tapad kadit gnay naamas
id P kutneb .)5102 ,otraiguS(  )1.2( naamasre  
p aparebeb tapadret alibapA sre  naka akam ,laisnerefid naama id  utaus kutneb
ep metsis utaus irad mumu kutneB .laisnerefid naamasrep metsis  naamasr
utas edro laisnerefid   halada 02 ,okreP(  tukireb iagabes )10  
𝑥𝑑 1
𝑡𝑑
� 𝑓1(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛)  
𝑥𝑑 2
𝑡𝑑
� 𝑓2(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛)   )2.2(   
⋮ 
     
𝑥𝑑 𝑛
𝑡𝑑
� 𝑓𝑛(𝑡, 𝑥1, 𝑥2, … , 𝑥𝑛) 
p metsiS  nagned rotkev naamasrep iagabes silutid tapad )2.2( laisnerefid naamasre
molok rotkev  ?̇? � �
𝒙𝒅 𝟏
𝒕𝒅
 ,
𝒙𝒅 𝟐
𝒕𝒅
 , …
𝒙𝒅 𝒏
𝒕𝒅
 �
𝑻
 , 𝒙 �  �𝒙𝟏, 𝒙𝟐 , … , 𝒙𝒏   �
𝑻  nad 𝒇 �
 �𝒇𝟏, 𝒇𝟐, … , 𝒇𝒏�
𝑻  iagabes silutid tapad laisnerefid naamasrep metsiS . :tukireb  
?̇? � 𝒇�𝒕, 𝒙�     )3.2(  
 irad laisnerefidret gnay isgnuf nalupmukes halada )3.2( irad isuloS 𝑛  utaus adap
 lavretni 𝑎 � 𝑡 � 𝑏. 
𝑥1 �  �1(𝑡), … , 𝑥𝑛 � �𝑛(𝑡), 
 ihunemem gnay  naamasreP  lavretni adap )3.2( 𝑎 � 𝑡 � 𝑏. 
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 )2.2( laisnerefid naamasrep metsiS  reinil isgnuf akij reinil metsis nakapurem
 malad
 
𝑥1, 𝑥2, … , 𝑥𝑛 :tukireb iagabes silutid tapad     
𝑥𝑑 1
𝑡𝑑
�  𝑎 11 (𝑡)𝑥1 � 𝑎 21 (𝑡)𝑥2 � ⋯ � 𝑎1𝑛(𝑡)𝑥𝑛 � 𝑔1(𝑡) 
⋮     )4.2(  
𝑥𝑑 𝑛
𝑡𝑑
�  𝑎𝑛1(𝑡)𝑥1 � 𝑎𝑛2(𝑡)𝑥2 � ⋯ � 𝑎 𝑛𝑛 (𝑡)𝑥𝑛 � 𝑔𝑛(𝑡) 
:idajnem silutid tapad )4.2( naamasreP  
?̇? � 𝒙𝑨 � 𝒈      )5.2(  
d ,nagne  
𝐴 � �
𝑎 11 �𝑡� ⋯ 𝑎1𝑛�𝑡�
⋮ ⋱ ⋮
𝑎𝑛1�𝑡� ⋯ 𝑎 𝑛𝑛 �𝑡�
�   ’ 𝑥 � �
𝑥1
⋮
𝑥𝑛
�  ’ 𝑔 � �
𝑔1�𝑡�
⋮
𝑔𝑛�𝑡�
� 
 metsiS  )5.2(  akij negomoh tubesid 𝒈 � 𝟎, aggnihes  
?̇? � 𝒙𝑨       )6.2(  
 akiJ 𝒈 � 𝟎 S ,akam .negomohnon tubesid )5.2( metsi  
 
2.2  muirbiliukE kitiT   asilanA nad muirbiliukE kitiT nalibatseK  
 narabeynep akitametam ledom malad muirbiliukE kitit sinej aud tapadreT
 kitit nad abokran iakamep kimedne  kat muirbiliuke kitit utiay ,abokran iakamep
 kat muirbiliuke kitiT .abokran iakamep kimedne muirbiliuke  iakamep kimedne
 abokran iakamep udividni tapadret kadit isalupop utaus malad akij idajret abokran
 isalupop malad naadaek halada abokran iakamep kimedne muirbiliuke kitit nad
.abokran iakamep udividni tapadret ulales tubesret  
okreP(1.2 isinifeD ,  )1002 kitiT   𝒙∗ ∈ 𝑹𝒏  tubesid muirbiliuke kitit   utaus irad
:utiay laisnerefid naamasrep metsis  
?̇? � 𝒇(𝒙)      )7.2(   
j  aki 𝒇�𝒙∗� � 𝟎. 
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alibatsek nakgnadeS n muirbiliuke kitit   nakanuggnem naksalejid tapad
:tukireb iagabes isinifed  
)1002 ,okreP( 2.2 isinifeD   kitiT  muirbiliuke
 
𝒙∗ ∈ 𝑹𝒏  irad S  metsi  :nakatakid )7.2(  
.a   paites kutnu akij libatS 𝜀 � 0  tapadret 𝛿 � 0  kutnu aggnihes naikimedes
isulos   𝒙(𝒕)  ihunemem gnay ‖𝒙(𝒕𝟎) � 𝒙
∗‖ � 𝜹  naktabikagnam akam
‖𝒙(𝒕) � 𝒙∗‖ � 𝜺 paites kutnu   𝒕 � 𝒕𝟎. 
.b  sa libatS muirbiliuke kitit akij kitotmi  𝒙∗ ∈ 𝑹𝒏  nagnalib tapadret nad libats
𝛿0 � 0  isulos paites kutnu aggnihes 𝒙(𝒕)  ihunemem gnay ‖𝒙(𝒕𝟎) � 𝒙
∗‖ �
𝛿0  naktabikagnem 𝐦𝐢𝐥
𝒕→∞
𝒙�𝒕� � 𝒙∗. 
.c  kitit akij libats kadiT   muirbiliuke 𝒙∗ ∈ 𝑹𝒏 .)a( ihunemem kadit  
 uata libats patet kitit hakapa ijugnem kutnU etirk nakanugid akam ,kadit  air
uata negie ialin  htuoR airetirk - .ztiwruH  
)4002 ,notnA( )3.2( isinifeD  akiJ  𝑨  skirtam haubes halada 𝑛 � 𝑛 akam ,   rotkev
onkat l 𝒙  adap 𝑹𝒏   irad negie rotkev tubesid 𝑨  akij 𝒙𝑨   natapilek haubes halada
 irad ralaks 𝒙  , : ukalreb  
𝒙𝑨 � 𝒙𝝀       )8.2(  
 ralakes gnarabes kutnU  𝝀  .  ralaks 𝝀  irad negie ialin tubesid 𝑨   nad 𝒙  tubesid
 nagned naiausesreb gnay negie rotkev 𝝀. 
iracnem kutnU   skirtam irad negie ialin 𝑨  narukureb gnay 𝑛 � 𝑛 P akam ,  naamasre
 silutid tapad )8.2( :tukireb iagabes  
𝒙𝑨 � 𝒙𝑰𝝀  
,nelaviuke araces uata    
( 𝑰𝝀 � 𝑨)𝒙 � 𝟎     )9.2(  
𝑰  ragA .satitnedi skirtam nakapurem 𝝀 in idajnem tapad  tapadret surah ,negie ial
sulos utas P .)9.2( naamasreP irad lonkat i  lonkat isulos ikilimem )9.2( naamasre
 aynah nad  akij :akij  
𝒕𝒆𝒅 ( 𝑰𝝀 � 𝑨)𝒙 � 𝟎   )01.2(  
 skirtam kitsiretkarak naamasrep tubesid )01.2( naamasreP 𝑨. 
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muirbiliuke kitit nalibatseK  
 
𝑥∗  naktahilrepmem nagned nakutnetid tapad
ialin -  utiay ,negie ialin 𝝀𝑖  , 𝑖 � 1,2,3, … , 𝑛  naamasrep irad helorepid gnay
.kitsiretkarak  
)3891 ,nuarB .M( 1.2 ameroeT   laisnerefid naamasrep nakirebiD ?̇? � 𝑥𝐴   nagned
𝑨  narukureb skirtam halada 𝑛 � 𝑛  ikilimem 𝑘  adebreb gnay negie ialin
𝝀1, 𝝀2, … , 𝝀𝑛  nagned 𝑘 � 𝑛. 
.a   muirbiliuke kitiT 𝒙∗  akij aynah nad akij kitotmisa libats nakatakid 𝑒𝑅 �𝜆𝑖� �
0 utaus kutnu  𝑖 � 1,2, … , 𝑘. 
.b  muirbiliuke kitiT  𝒙∗ libats nakatakid   akij aynah nad akij 𝑒𝑅 �𝜆𝑖� � 0  kutnu
utaus  𝑖 � 1,2, … , 𝑘. 
.c  muirbiliuke kitiT  𝒙∗  nakatakid  kadit libats   akij aynah nad akij 𝑒𝑅 �𝜆𝑖� � 0 
utaus kutnu  𝑖 � 1,2, … , 𝑘. 
 akiJ  akam nakutnetid tilus metsis kitsiretkarak naamasrep irad negie ialin
htuoR nalibatsek airetirk nakanugid -  .ztiwruH htuoR airetirK -  nakapurem ztiwruH
 airetirk aneraK .reinil metsis utaus asilana malad nakparetid gnay airetirk
sek htuoR nalibat - dit ini ztiwruH  uata negie ialin irad laer naigab adnat tahilem ka
raka -  neisifeok tahilem naknialem gnusgnal araces kitsiretkarak naamasrep raka
.kitsiretkarak naamasrep irad  
)7002 ,nellA( 2.2 ameroeT  J :utiay ,kitsiretkarak naamasrep nakirebid aki  
𝑃(𝜆) � 𝜆𝑛 � 𝑎1𝜆
𝑛−1 � ⋯ � 𝑎𝑛−1𝜆 � 𝑎𝑛 , 
iD   anam 𝑎𝑗  ,laer nagnalib nakapurem gnay neisifeok halada 𝑗 � 1,2, … , 𝑛 
 neisifeok nakanuggnem tziwruH skirtam helorepid 𝑎𝑗  laimonilop naamasrep irad
:tukireb iagabes nakisinifedid gnay kitsiretkarak  
𝐻1 � (𝑎1),  𝐻2 � �
𝑎1 1
𝑎3 𝑎2
�, 𝐻3 � �
𝑎1 1 0
𝑎3 𝑎2 𝑎1
𝑎5 𝑎4 𝑎3
�, 
nad  
𝐻𝑛 �
⎝
⎜
⎛
𝑎1 1 0
𝑎3 𝑎2 𝑎1
𝑎5
⋮
0
𝑎4
⋮
0
𝑎3
⋮
0
    
0 ⋯ 0
1 ⋯ 0
𝑎2
⋮
0
⋯
⋯
⋯
0
0
𝑎𝑛⎠
⎟
⎞
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di  anam
 
𝑎𝑗 � 0  akij 𝑗 � 𝑛. 
rakA -  laimonilop kitsiretkarak naamasrep irad raka 𝑷�𝝀�  uata fitagen halada
 aumes irad nanimreted akij aynah nad akij fitagen laer naigab ikilimem  skirtam
:fitisop halada ztiwruH  
ted �𝐻𝑗� � 0,    𝑗 � 1,2, … , 𝑛. 
 akiteK 𝑛 � 2 htuoR airetirk -  kutnu ztiwruH ted (𝐻1) � 𝑎1 � 0 nad  
 ted (𝐻2) � 𝑡𝑒𝑑 �
𝑎1 1
0 𝑎2
� � 𝑎1𝑎2 � 0   uata 𝑎1 � 0  nad 𝑎2 � 0.  
htuoR airetirk nakrasadreB -  tajaredreb laimonilop kutnu ztiwruH 𝑛 �  ,4,3,2
nad  muirbiliuke kitit awhab nakataynid  5  :akij ,libats  
𝑛 � 2  : 𝑎1 � 0  nad 𝑎2 � 0 
𝑛 � 3  : 𝑎1 � 0, 𝑎3 � 0  nad 𝑎1𝑎2 � 0 
𝑛 � 4: 𝑎1 � 0, 𝑎3 � 0, 𝑎4 � 0  nad 𝑎1𝑎2𝑎3 � 𝑎3
2 � 𝑎1
2𝑎4 
𝑛 � 5: 𝑎1 � 0, 𝑖 � 1,2,3,4,5, 𝑎1𝑎2𝑎3 � 𝑎3
2 � 𝑎1
2𝑎4  nad  
�𝑎1𝑎4 � 𝑎5��𝑎1𝑎2𝑎3 � 𝑎3
2 � 𝑎1
2𝑎4� � 𝑎5(𝑎1𝑎2 � 𝑎3)
2 � 𝑎1𝑎5
2. 
C hotno   :1.2  
:tukireb iagabes laisnerefid naamasrep metsis nakirebiD  
𝑥𝑑 1
𝑡𝑑
� � 3𝑥1  
𝑥𝑑 2
𝑡𝑑
� � 2𝑥2  
muirbiliuke kitit nakutneT  id laisnerefid naamasrep metsis irad nalibatsek nad   
! sata  
:naiaseleyneP  
𝑥𝑑 1
𝑡𝑑
� 0    
     � 3𝑥1
∗ � 0  
  𝑥1
∗ � 0  
nad  
𝑥𝑑 2
𝑡𝑑
� 0    
     � 2𝑥2
∗ � 0  
  𝑥2
∗ � 0  
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aggniheS  muirbiluke kitit helorepid ( ayn
 
𝑥1
∗,  𝑥2
∗� � (0,0) apadnem kutnU .  nakt
muirbiliuke kitit irad nalibatsek  (0,0) nutihgnem nagned nakutnetid tapad  ialin g
.tubesret negie  
 tapadiD  skirtam 𝑨 :tukireb iagabes  
𝐴 � �� 3 0
0 � 2
� 
 skirtam irad negie ialin iracid nakA 𝐴 id  :sata  
𝑡𝑒𝑑 ( 𝐼𝜆 � 𝐴)𝑥 � 0  
 𝑡𝑒𝑑 ��𝜆 0
0 𝜆
� �1 0
0 1
� � �� 3 0
0 � 2
�� � 0  
 𝑡𝑒𝑑 ��𝜆 0
0 𝜆
� � �� 3 0
0 � 2
�� � 0  
 𝑡𝑒𝑑 ��𝜆 � 3 0
0 𝜆 � 2
�� � 0  
negie ialin helorepid aggniheS ayn  :tukireb iagabes  
   (𝜆 � 3)(𝜆 � 2) � 0 � 0  
 𝜆2 � 2𝜆 � 3𝜆 � 6 � 0 � 0  
 𝜆2 � 5𝜆 � 6 � 0  
𝜆1 � � 3  nad 𝜆2 � � 2 
akam ,)1.2( ameroeT nakrasadreB  muirbiliuke kitit  �𝑥1
∗,  𝑥2
∗� � (0,0)  halada  libats
.kitotmisa  
2.2 hotnoC : 
id kitsiretkarak naamasrep hakapa ikidileS   ihunemem ini hawab htuoR airetirk -
? ztiwruH  
𝑃(𝜆) � 𝜆3 � 3𝜆2 � 2𝜆 � 2 � 0 
id naamasrep nakrasadreB   tapadid akam ,sata 𝑎1 � 3, 𝑎2 � 2  , 𝑎3 � 2  .
 ialin naidumeK 𝑗 id kitsiretkarak naamasrep irad   skirtam aggnihes ,3 halada sata
 iapmas aynah aynztiwruH 𝑎5  skirtam nanimreted aumes nakitkubid nakA .
.fitisop halada aynztiwruH  
 kutnU 𝐻1 � �𝑎1�  , ted � 𝐻1� � |3| � 3 � 0. 
 kutnU 𝐻2 � �
𝑎1 1
𝑎3 𝑎2
�  , ted � 𝐻2� � �
3 1
2 2
� � 4 � 0. 
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 kutnU
 
𝐻3 � �
𝑎1 1 0
𝑎3 𝑎2 𝑎1
0 0 𝑎3
�  , ted � 𝐻3� � �
3 1 0
2 2 3
0 0 2
� � 8 � 0. 
 naamasrep akam ,fitisop aynztiwruH skirtam nanimreted aumes aneraK
htuoR airetirk ihunemem sata id kitsiretkarak -  nakataynid tapad nad ztiwruH
 .libats  
 kutnU  nalibatsek sisilana ,reinilnon laisnerefid naamasrep metsis utaus
 laisnerefid naamasrep metsis nakirebid aynlasiM .nareinilep iulalem nakukalid
:ini tukireb reinilnon asaib  
?̇? � 𝑓(𝑥)  , 𝑥 ∈ 𝑅𝑛.   )11.2(  
snapske nakanuggnem nagneD uke kitit utaus kutnu rolyaT i muirbili  𝑥∗  akam ,
S :tukireb iaagabes silutid tapad )11.2( metsi  
?̇? � 𝐽(𝑥) � 𝜑�𝑥�,   )21.2(  
 nagneD 𝐽 :tukireb iagabes nakataynid gnay ibocaJ skirtam halada  
𝐽 �
𝑓𝜕
𝑥𝜕
�𝑥∗�     
𝐽 �
⎣
⎢
⎢
⎢
⎢
⎡
𝜕𝑓1
𝜕𝑥1
𝜕𝑓1
𝜕𝑥2
⋯
𝜕𝑓1
𝜕𝑥𝑛
𝜕𝑓2
𝜕𝑥1
𝜕𝑓2
𝜕𝑥2
⋯
𝜕𝑓2
𝜕𝑥𝑛
⋮ ⋮ ⋮ ⋮
𝜕𝑓𝑛
𝜕𝑥1
𝜕𝑓𝑛
𝜕𝑥2
⋯
𝜕𝑓𝑛
𝜕𝑥𝑛⎦
⎥
⎥
⎥
⎥
⎤
,    )31.2(  
 nad 𝜑�𝑥�  redroreb ukus halada tafisreb gnay iggnit  mil
𝑥→0
𝜑(𝑥) � 0  nagned , 𝐽�𝑥� 
S adap nareinilep tubesid )21.2( metsi  S irad metsi  )11.2(   malad tapadid gnay
 kutneb ?̇? � 𝐽(𝑥). 
tsek ijugnem kutnU muirbiliuke kitit naliba   tapad reinilnon laisnerefid naamasrep
htuoR airetirk uata negie ialin airetirk nakanuggnem - .ztiwruH  
 ameroeT  3.2 )1002 ,okreP(  atnet ameroet nakirebid naka ayntujnaleS  tafis gn
S irad lakol nalibatsek  skirtam negie ialin irad uajnitid gnay )31.2( metsi naibocaj  
𝐽(𝑥). 
.a  J skirtam akiJ  naiboca 𝐽(𝑥)  iaynupmem 𝜆𝑖 � 0  kutnu 𝑖 � 1,2, … , 𝑛  akam 𝑥 
S irad .lakol kitotmisa libats )2.2( metsi  
II -8 
 
.b  kiJ J skirtam negie ialin tapadret a  naiboca
 
𝐽(𝑥)  laer naigab iaynupmem gnay
 patet kitit akam ,fitisop 𝑥 rad S i s kadit )2.2( metsi .libat  
 
3.2   rasaD iskudorpeR oisaR (𝑹𝟎) 
 retemarap utaus nakulrepid tikaynep narabeynep takgnit iuhategnem kutnU
 oisaR .rasaD iskudorpeR oisaR halada nakanugid asaib gnay retemaraP .utnetret
atar aynkaynab nakataynem gnay nagnalib halada rasaD iskudorpeR -  udividni atar
ika tabika rednukes fitkefni  gnusgnalreb gnay remirp fitkefni udividni ralutret tab
 isalupop malad id elbitpecsus .  oisar iagabes nakitragnem gnay aguj ada numaN
 udividni halmuj nakkujnunem gnay nagnidnabrep uata elbitpecsus   atirednem gnay
 udividni tabika tikaynep detcefni  .  ledom akiJ  utiay muirbiliuke kitit aud ikilimem
 muirbiliuke kitit okran sabeb  idajret naka akam ,abokran iakamep kimedne nad ab
 akij abokran iakamep kimedne �𝑅0� � 1  akij kimedne idajret kadit nad �𝑅0� � 1. 
 tapadret naklasiM 𝑛  nad iskefniret isalupopbus 𝑚  kadit isalupopbus
 alup naklasimid ayntujnaleS .iskefniret 𝑥  nakataynem  nad iskefniret isalupopbus
𝑦  nad ,)hubmes nad natner( iskefniret kadit isalupopbus nakataynnem 𝑥 ∈ �𝑛  nad
𝑦 ∈ �𝑚  kutnu 𝑚, 𝑛 ∈ �  , : aggnihes  
𝑦′ � 𝜑𝑖(𝑥, 𝑦) � 𝜓𝑖�𝑥, 𝑦�  ,  nagned 𝑖 � 1,2, … , 𝑛. 
 nagneD 𝜑𝑖  isalupopbus adap habmanem gnay rednukes iskefni ujal halada
 nad iskefniret 𝜓𝑖  nahubmesek nad naitamek ,tikaynep nagnabmekrep ujal halada
.iskefniret isalupopbus utaus irad isalupop ayngnarukreb naktabikagnem gnay  
 irad naamasreP  tapad isasireinilid halet gnay iskefniret isalupopbus
: tukireb iagaabes naksilutid  
𝑦′ � (𝐹 � 𝑉)𝑥 
 nagned 𝐹  nad 𝑉  narukureb kirtam halada 𝑛 � 𝑛  nad 𝐹 �
𝜕𝜑𝑖
𝜕𝑢𝑖
�𝑦0, 0�  nad 𝐹 �
𝜕𝜓𝑖
𝜕𝑢𝑖
�𝑦0, 0�  skirtam nakisinifedid ayntujnaleS . 𝐾 : iagabes  
𝐾 � 𝐹𝑉−1 
d  nagne 𝐾  iagabes tubesid xirtam noitareneg txen  iskefni irad naparah ialiN .
 rednukes tner isalupop adap  irad )nanimod negie ialin( lartkeps suidar halada na
 skirtam 𝐾 )1002 ,hguomtaW nad esseirD(  : aggnihes  
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𝑅0 � 𝜌(𝐾) � 𝜌�𝐹𝑉
−1�. 
 
4.2   isatilibaheR margorP huragneP akitametaM ledoM  napareneP nad
abokraN iakameP halmuJ padahret namukuH  
 kopmolek utiay kopmolek tapme idajnem igabid ini ledom adap isalupoP
 abokran iakamem kutnu natner udividni (𝑋)  abokran iakamep udividni kopmolek ,
(𝑌) pmolek ,  isatilibaherid gnay udividni ko (𝐵)  gnay udividni kopmolek nad
 abokran iakamem itnehreb (𝑍). 
 adaP  napareneP nad isatilibaheR margorP huragneP akitametaM ledoM
abokraN iakameP halmuJ padahret namukuH  :tukireb iagabes ismusa nakulrepid  
.1   tafisreb isalupoP .isargim sesorp idajret kadit isalopup malad utiay ,pututret  
.2   isalupop halmuJ  nagned amas isalupop nahabmatrep halmuj utiay natsnok
.naitamek halmuj  
.3   ujal nagned natner kopmolek ek kusam nuhat 6 aisureb gnay udividnI
tnemtiurcer   rasebes 𝛿. 
.4  ala naitamek ujaL gnisam adap im -  rasebes isalupop gnisam 𝜇. 
.5  atar ujaL -  nautas paites katnok aynkaynab atar  naparenep kefe nagned utkaw
 rasebes namukuh 𝑐
𝑋
𝑁
𝑌�1 � ��  nagned , 𝑐 atar nakataynem -  aynkaynab atar
 nad utkaw nautas pait katnok � .namukuh naparenep kefe nakataynem  
.6  L  rasebes abokran helo nakbabesid gnay naitamek uja 𝑚. 
.7   iakamem itnehreb gnay udividni idajnem abokran iakamep udividni ujaL
 rasebes namukuh naparenep kefe nagned abokran 𝑌𝛽 �1 � ��  nagned , 𝛽 
 itnehreb gnay udividni idajnem abokran iakamep udividni nakataynem
.abokran iakamem  
.8  rasebes isatilibaherid gnay udividni idajnem abokran iakamep udividni ujaL  
𝜏. 
.9   iakamem itnehreb gnay udividni idajnem isatilibaherid gnay udividni ujaL
 rasebes abokran 𝜎. 
.01   natner udividni idajnem abokran iakamem itnehreb gnay udividni ujaL
 rasebes ilabmek abokran iakamem kutnu 𝛾. 
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id ismusa nakrasadreB   irad rila margaid helorepid akam ,sata  ledoM
 padahret namukuH napareneP nad isatilibaheR margorP huragneP akitametaM
halmuJ  abokraN iakameP   helo ( lanruJ ,irasadnaM   .kkd :tukireb iagabes )8102  
 
   
 
 
 
 
 
 
 
 
 
 
 
 1.2 rabmaG   rilA margaiD  ledoM  margorP huragneP akitametaM
 halmuJ padahret namukuH napareneP nad isatilibaheR
abokraN iakameP  
 naamasrep metsis helorepid akam sata id rila margaid nakrasadreB
iagabes laisnerefid  :tukireb  
𝑋𝑑
𝑡𝑑
= −𝑐
𝑋
𝑁
𝑌(1 − ℎ) − 𝑋𝜇 + 𝑍𝛾 + 𝑁𝛿   
𝑌𝑑
𝑡𝑑
= 𝑐
𝑋
𝑁
𝑌(1 − ℎ) − (𝛽(1 + ℎ) + 𝜇 + 𝑚 + 𝜏)𝑌     )41.2(  
𝐵𝑑
𝑡𝑑
= 𝑌𝜏 − (𝜇 + 𝑚 + 𝜎)𝐵  
𝑍𝑑
𝑡𝑑
= 𝑌𝛽 (1 + ℎ) + 𝐵𝜎 − (𝜇 + 𝑚 + 𝛾)𝑍  
𝑿 
𝑩 
𝑐
𝑋
𝑁
𝑌(1 − ℎ) 
𝑁𝛿  𝒀 𝒁 
𝑌𝛽 (1 + ℎ) (𝜇 + 𝑚)𝑍 
(𝜇 + 𝑚)𝑌 
𝜇𝑋 
𝑌𝜏  
𝛾𝑍 
(𝜇 + 𝑚)𝐵 
III BAB  
EDOTEM  NAITILENEP  
 
edoteM   rutaretil iduts halada ini rihka sagut lasoporp malad naitilenep
ukub irajalepmem nagned - lanruj nad ukub -  ledom nagned natiakreb gnay lanruj
hakgnal nupadA .abokran iakamep imedipe -  halada ini naitilenep adap hakgnal
 :tukireb iagabes  
.1  ebairav nakisinifedneM .nakanugid gnay retemarap nad l  
.2  ismusa taubmeM -  malaD .retemarap nad lebairav naktabilem gnay ismusa
id ,akubret tafireb isalupop awhab nakismusagnem silunep ini naitilenep  
 isalupop halmuj nahaburep ,isargim sesorp idajret isalupop malad anam
elo nakbabesid  isargimi sesorP .isargim h  isargime nad  adap idajret
 iakamep udividni ,)X( abokran iakamem natner udividni isalupoppus
 .)Z( abokran iakamem itnehreb gnay udividni nad )Y( abokran  
.3   helo ZBYX ledom nakirebiD ( irasadnaM .kkd ,  :tukireb iagabes ,)8102  
 
𝑋𝑑
𝑡𝑑
� � 𝑐
𝑋
𝑁
𝑌(1 � �) � 𝑋𝜇 � 𝑍𝛾 � 𝑁𝛿   
𝑌𝑑
𝑡𝑑
� 𝑐
𝑋
𝑁
𝑌(1 � �) � (𝛽(1 � �) � 𝜇 � 𝑚 � 𝜏)𝑌        )1.3(  
𝐵𝑑
𝑡𝑑
� 𝑌𝜏 � (𝜋 � 𝑚 � 𝜎)𝐵  
𝑍𝑑
𝑡𝑑
� 𝑌𝛽 (1 � �) � 𝐵𝜎 � (𝜇 � 𝑚 � 𝛾)𝑍  
.4  M nakrasadreB  isargim aynada ismusa nakhabmanem silunep )1.3( ledo
repid aggnihes isalupop malad  urabret ledom helo  halada silunep irad
:tukireb iagabes  
𝑋𝑑
𝑡𝑑
� � 𝑐
𝑋
𝑁
𝑌(1 � �) � (𝜇 � 𝜇1 � 𝜇2)𝑋 � 𝑍𝛾 � 𝑁𝛿      
𝑌𝑑
𝑡𝑑
� 𝑐
𝑋
𝑁
𝑌(1 � �) � �𝛽(1 � �) � 𝜇 � 𝑚 � 𝜇1 � 𝜇2 � 𝜏�𝑌       2.3( ) 
𝐵𝑑
𝑡𝑑
� 𝑌𝜏 � (𝜇 � 𝑚 � 𝜎)𝐵                   
𝑍𝑑
𝑡𝑑
� 𝑌𝛽 (1 � �) � 𝛽𝜎 � (µ � m � 𝜇1 � 𝜇2 � 𝛾)𝑍      
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.5  3( ledoM nakrasadreB )2.  tnetid muirbiliuke kitit naku  arac nagned ,
asrep metsis habugnem M adap laisnerefid naam )2.3( ledo  .lon idajnem  
.6  id naka ayntujnaleS  nakukal muirbiliuke kitit nalibatsek asilana  nay  g
ad helorepid M ir )2.3( ledo   uata negie ialin airetirk nakanuggnem nagned
htuoR airetirk - .ztiwruH  
.7   nakanuggnem nagned kiremun isalumis taubmeM elpam erawtfos . 
.8  sek araces helorepid halet gnay lisah naklupmiyneM e nahurul . 
    
 V BAB  
PUTUNEP  
 
 1.5  nalupmiseK  
  naklupmisid tapad akam ,nakukalid halet gnay nasahabmep nakrasadreB
:tukireb iagabes  
.1   namukuh naparenep nad isatilibaher margorp huragnep akitametam ledoM
akubret isalupop adap abokran iakamep halmuj padahret  :utiay  
 
𝑋𝑑
𝑡𝑑
� 𝑁𝛿 � 𝑐
𝑋
𝑁
𝑌(1 � �) � (𝜇 � 𝜇1 � 𝜇2)𝑋 � 𝑍𝛾   
𝑌𝑑
𝑡𝑑
� 𝑐
𝑋
𝑁
𝑌(1 � �) � �𝛽(1 � �) � 𝜇 � 𝑚 � 𝜇1 � 𝜇2 � 𝜏�𝑌  
𝐵𝑑
𝑡𝑑
� 𝑌𝜏 � (𝜇 � 𝑚 � 𝜎)𝐵  
𝑍𝑑
𝑡𝑑
� 𝑌𝛽 (1 � �) � 𝐵𝜎 � (µ � m � 𝜇1 � 𝜇2 � 𝛾)𝑍  
 nagned 𝑋 � 𝑌 � 𝐵 � 𝑍 � 𝑁.  
.2   kitit aud tapadreT  muirbiliuke : utiay helorep id gnay ledom irad  
.a   kitiT  muirbiliuke  sabeb  abokran 𝑃0 � � 𝑁𝛿
𝐷1
, 0,0,0�. 
.b   kitiT  muirbiliuke kimedne  abokran iakamep    
𝑃1 �
⎝
⎜⎜
⎛
𝑁𝐷2
𝑐(1−ℎ)
,
𝐷3𝐷4𝑁�𝐷1𝐷2− 𝑐𝛿 (1−ℎ)�
𝑐(1−ℎ)(𝛾𝐷3𝛽(1+ℎ)+ 𝜏𝜎𝛾 −𝐷2𝐷3𝐷4) 
 ,
𝜏𝐷4𝑁�𝐷1𝐷2− 𝑐𝛿 (1−ℎ)�
𝑐(1−ℎ)(𝛾𝐷3𝛽(1+ℎ)+ 𝜏𝜎𝛾 −𝐷2𝐷3𝐷4)
 ,
�𝐷3𝛽(1+ℎ)+ 𝜏𝜎 ��𝑁�𝐷1𝐷2− 𝑐𝛿 (1−ℎ)��
𝑐(1−ℎ)�𝛾𝐷3𝛽(1+ℎ)+ 𝜏𝜎𝛾 −𝐷2𝐷3𝐷4� ⎠
⎟⎟
⎞
. 
j muirbiliuke kitit nalibatsek asilana kutnu ,ayntujnaleS  aki 𝑅0 � 1  akam
 iakamem gnay ada kadit isalupop amal pukuc gnay utkaw akgnaj malad
 akiJ nad abokran 𝑅0 � 1  amal pukuc gnay utkaw akgnaj malad akam
.abokran iakamem gnay udividni tapadret ulales tubesret isalupop  
.3   awhab naklupmisid tapad isalumis adaP  kimedne kat isalupop naadaek adap
iakamep   imalagnem abokran iakamem natner isalupop halmuj abokran
 ,natakgninep  imalagnem abokran iakamep isalupop halmuj nakgnades
 aggnihes nanurunep  halmuj  isalupop   halmuj nad isatilibaherid gnay udividni
 gnay nanurunep imalagnem naka aguj abokran iakamem itnehreb isalupop
V-2 
  
 naka t ini nad abokran irad sabebret isalupop naktabikagnem  taas adap idajre
 
𝑅0 � 1  .  isalupop halmuj abokran iakamep kimedne isalupop naadaek kutnU
 ,abokran iakamem kopmolek isalupop ,abokran iakamem natner kopmolek
 kopmolek isalupop nad isatilibaherid gnay udividni kopmolek isalupop
n iakamam itnehreb gnay udividni  nad nakianek imalagnem abokra
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